The asymptotic expansion method based on a core polarization potential for the Rydberg electron is reviewed and extended to the high angular momentum states of helium up to L = 15. A comparison with recent large-scale configuration interaction calculations for the nonrelativistic energies shows that there is good agreement for L = 7, but there are serious systematic disagreements for the states of higher angular momentum. A possible explanation is that there is an important class of configurations missing from the CI calculations.
I. INTRODUCTION
The helium atom is the simplest atomic system that cannot be solved exactly, even in the nonrelativistic limit with purely Coulombic interactions. Despite recent advances for the low-lying states ͓2-4͔, it continues to provide important computational challenges for the higher-lying Rydberg states. Traditional variational methods, such as those used in the early work of Pekeris and co-workers ͓5͔, tend to deteriorate rapidly in accuracy as one goes up the Rydberg series of states of a given symmetry. At the same time, the accuracy requirements for transition frequencies between Rydberg states with the same principal quantum number n become more stringent since these differences go to zero as 1 / n 3 with increasing n. For example, for the 1s10i 1 I and 1s10k 1 K states of helium ͑L = 6 and 7, respectively͒, the nonrelativistic energies are E ϱ ͑1s10i 1 I͒ = − 2.005 000 016 086 516 194͑2͒ a.u., E ϱ ͑1s10k 1 K͒ = − 2.005 000 007 388 375 877͑1͒ a.u.
and so 10 figure accuracy is needed in the total energy just to get the first figure correct in the 10I -10K transition energy. The first several figures are simply given by the screened hydrogenic energy E SH =−2−1/ 2n 2 that can be trivially calculated. Thus, absolute accuracies that are perfectly adequate for the low-lying states may be of no use for transitions among the Rydberg states. Such transitions continue to be of interest in connection with measurements of the polarizability of the ion core, and the Casimir-Polder effect ͓6,7͔.
Our previous comprehensive survey of the Rydberg states of helium covered all states up to n = 10 and L =7 ͓8-10͔, and their extension to higher n via quantum defect theory ͓11͔. These variational calculations employed a double basis set in Hylleraas coordinates involving two sets of distance scales that were individually optimized. The basis sets also included explicitly the screened hydrogenic term. With these modifications, high accuracy was achieved for the Rydberg states, at least up to n = 10, with reasonably small basis sets. A key conclusion of this work was that there is no point in doing variational calculations for L Ͼ 7 because alternative calculations based on the asymptotic expansion method provide a more than sufficient level accuracy that is very difficult to exceed by direct variational calculations.
The purpose of the present Brief Report is to review and extend the results of the asymptotic expansion method, and to compare with the results of recent large-scale configuration interaction ͑CI͒ calculations for the Rydberg states of helium ͓1͔. It will be seen that there are serious disagreements with the results of the CI calculations.
II. ASYMPTOTIC EXPANSION METHOD
The asymptotic expansion method was originally developed by Drachman ͓12,13͔ from an expansion of the optical potential for the Rydberg electron in powers of the perturbing potential, and later reformulated by Drake ͓9,10͔ based on a simple perturbation expansion for the total wave function. The method takes advantage of the fact that, with increasing angular momentum, the overlap of the Rydberg electron wave function with the core consisting of a 1s electron and the nucleus becomes vanishingly small. As shown in Table I , the singlet-triplet splittings for n = 10 go to zero exponentially fast in proportion to exp͑−6.3L͒. Exchange and short-range effects can then be neglected for sufficiently large L and the Rydberg electron treated as a distinguishable * gdrake@uwindsor.ca PHYSICAL REVIEW A 80, 064501 ͑2009͒
particle moving in the effective field generated by the core. The core itself distorts in response to the electric field of the Rydberg electron, as characterized by the multipole moments of the core. The result is an asymptotic potential in powers of 1 / x as in Eq. ͑1͒, where x is the radial coordinate of the Rydberg electron. The method can also be applied to the calculation of quantities other than the energy, such as matrix elements of the ␦ function ͓14͔.
For a heliumlike atomic system, the multipole moments of the one-electron core can be calculated exactly. The result is an effective potential for the Rydberg electron expressed as an asymptotic expansion of the form
where Z − 1 is the screened nuclear charge, and the c j are related to the multipole moments of the core. Since expectation values ͗1 / x j ͘ nL with respect to the Rydberg electron diverge for j Ͼ 2L + 2, the summation in Eq. ͑1͒ must be truncated at a judiciously chosen value of p Յ 2L + 2 where the terms begin increasing in size. For this reason, L must be sufficiently large that enough terms can be included for good convergence. For helium, the asymptotic expansion becomes essentially exact relative to experimental accuracy and variational calculations for L Ͼ 7. Beyond this point, the asymptotic expansion provides a simple analytic method for calculating energies that applies to all high-nL Rydberg states.
The starting point is to write the total Hamiltonian for helium in the form
where
is the screened hydrogenic Hamiltonian for infinite nuclear mass, and
is the correction to the screened hydrogenic potential. Here, r denotes the position vector of the inner electron and x the position vector of the Rydberg electron. The correction potential has the multipole expansion
in the asymptotic region with x Ͼ r, where the P ᐉ ͑cos ͒ are Legendre polynomials. We now expand the solution to the full Schrödinger equation
as a perturbation series with V as the perturbation according to ⌿͑r , x͒ = ͚ j=0 ϱ ⌿ j ͑r , x͒ and E = ͚ j=0 ϱ E j where
is the zero-order equation and, for the jth perturbation equation,
It follows from Eq. ͑8͒ that 
III. RESULTS AND DISCUSSION
As an example, Table II shows the contributions to the energy of the n =15, L = 10 state of helium. The uncertainty is taken to be one half of the c 10 term. Table III compares the results of the asymptotic expansion ͑AE͒ with the large-scale CI calculations of Kamta et al. ͓1͔ . To make the physically important polarization corrections stand out more clearly, the screened hydrogenic energy −2−1/ 2n 2 is subtracted from both, and the difference displayed. For L = 7, most of the differences are within one or two standard deviations of the estimated accuracy of the asymptotic expansions. The one exception is the n = 12 state, where the CI value is substantially lower than the AE value. However, for L = 10 and L = 11, the differences are very much larger by a factor of nearly 10 6 , such that the CI results do not reproduce the leading c 4 ͗x −4 ͘ dipole polarization correction. Using the formula
and c 4 = ␣ 1 =9/ 32, a simple hand calculation with n = 15 and L = 10 yields the correction c 4 ͗x −4 ͘ / 2 = −4.145923ϫ 10 −10 a.u. as shown in Table II . This is more than twice as big in magnitude as the CI value −1.976ϫ 10 −10 a.u. from Table III . Table IV summarizes the asymptotic expansion results for the nonrelativistic energies and their estimated uncertainties for all the remaining states up to and including L = 15. It would be a significant challenge indeed to match this level of accuracy with direct CI or Hylleraas-type variational calculations.
The corresponding asymptotic expansions are known for the finite nuclear mass ͑mass polarization͒ corrections, ͘ 0.000 000 000 000 000 004 7 Second order −0.000 000 000 000 000 529 0 Total −2.002 222 222 636 741 570 4 Uncertainty Ϯ0.000 000 000 000 000 002 4 relativistic corrections, and quantum electrodynamic corrections ͓10,13,18,19͔. However, there is no point in including these terms until the existing discrepancy between the AE and CI results for the nonrelativistic energy is resolved. It may be that the discrepancy is pointing to an important class of configurations that has not been included in the CI calculations. For example, in Hylleraas coordinates, the variational basis set does not become asymptotically complete unless one includes all the angular momentum couplings l 1 + l 2 = L with ͑l 1 , l 2 ; L͒ = ͑0,L ; L͒ , ͑1,L −1;L͒ ,¯͓͑L / 2͔ , L − ͓L / 2͔ ; L͒, where ͓ ...͔ denotes "greatest integer in." Analogous classes of terms are similarly important for more complex atomic systems. After completion of this work, B. Piraux and co-workers ͓20͔ reported that in their CI calculations, they used the same basis sets for L Ͼ 7 as for L = 7, and that this truncation accounts for the discrepancy. They confirmed that their results come into agreement to 15 figures when couplings involving higher angular momenta are included. This demonstrates the important role played by high angular momentum couplings in capturing an adequate representation of the core polarization effects beyond the screened hydrogenic term. 
